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1. Rules of Differentiation

Throughout this package the following rules of differentiation will be
assumed. (In the table of derivatives below, a is an arbitrary, non-zero
constant.)

Y ‘ azx™ sin(ax) ‘ cos(ax) e’ | In(ax)
d 1
ﬁ naz" ! | acos(ax) | —asin(azr) | ae®® o

If @ is any constant and u, v are two functions of x, then

i( + ) — dj + @
dx vrv = dr  dx
d (au) du
—(au) = a—
dxr dzx
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The stationary points of a function are those points where the gradient
of the tangent (the derivative of the function) is zero.
Example 1 Find the stationary points of the functions

(a) f(z) =322 422 -9, (b) f(z)=x>— 62>+ 9z — 2.

Solution J
(a) If y = 32 + 22 — 9 then d—z =3x 221 +2=06z+2.

The stationary points are found by solving the equation

@—GerQ—O
dr -

In this case there is only one solution, x = —3. Substituting this into
the equation for f(x), the corresponding y value is then

y 3(=3)2 +2(-3) -9
= 12.

The stationary point is thus the point with coordinates (—3,12).
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d
(b) If y = f(x) = 2° — 622 + 9z — 2, then d—y =32% — 122 +9.
x
The stationary points are found by solving 322 — 122 +9 = 0. This is

a quadratic equation (see the package on quadratic equations) and
may be solved by factorising.

0=32"-122+9 = 3(2% -4z +3)
= 3x-3)(z—1).
There are two solutions in this case, * = 3 and x = 1. If these are

substituted into the function, the two stationary points will be found
to be (3,—2) and (1,2).

EXERCISE 1. Find the stationary points of the following functions.
(Click on the green letters for solutions.)
(a) y =16 — 6u — u?, (b) y =32% — 4z + 7,
1

(C)y=§x3—x2—3x+2, (d) y = 2% — 622 — 15z + 16.
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2. Derivatives of order 2 (and higher)

In the package on introductory differentiation the height, h(t), in
metres, of a ball thrown vertically at 10ms~!, was given by
h(t) = 10t — 5t*.
The velocity of the ball, vms™!, after ¢ seconds, was given by
dh
t)=— =10—-10¢.
u(t) = =
The rate of change of velocity with time, which is the acceleration, is
then given by a(t), where
dv
t) = —
a(t) = —
Since the acceleration was derived from h(t) by two successive differ-
entiations, the resulting function, which in this case is a(t), is called
the second derivative of h(t) with respect to ¢t. In symbols
alt) = dv _d (dh\ _ d*h Note the position
Codt dt \dt) de2” of the superscripts

=—10ms™".
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Example 2
Find the first, second and third derivatives of the function
y=2325-2r+1.

Solution

The first derivative is given by
dy
—= = 182" — 2.
dx *

The second derivative is given by

d*y d (dy 4

The third derivative is given by

d3y d (d*y 3

EXERCISE 2. Find the first, second and third derivatives of the follow-
ing functions. (Click on the green letters for solutions.)

(a) y = 23 + %%, (b) y = sin(z).
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3. Maxima and Minima

The diagram below shows part of a function y = f(x).

4 /
/ 0
B

Diagram 1

y
A

The point A is a local mazimum and the point B is a local minimum.
At each of these points the tangent to the curve is parallel to the
r-axis so the derivative of the function is zero. Both of these points
are therefore stationary points of the function. The term local is used
since these points are the maximum and minimum in this particular
region. There may be others outside this region.
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0 = T

Diagram 2

Further observations on the gradients of tangents to the curve are:

to the left of A the gradients are positive (+)
between A and B the gradients are negative (—)
to the right of B the gradients are positive (+)

About the local mazimum point A the gradient changes from positive,
to zero, to negative. The gradient is therefore decreasing.
About the local minimum point B the gradient changes from negative,
to zero, to positive. The gradient is therefore increasing.
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The rate of change of a function is measured by its derivative.
When the derivative is positive, the function is increasing,

when the derivative is negative, the function is decreasing.

Thus the rate of change of the gradient is measured by its derivative,
which is the second derivative of the original function. In mathemat-
ical notation this is as follows.

At the point (a,b)

. dy _ . dy .
lf % = 0 lf % = 0
d?y d?y
and @ < 0 and ﬁ > 0

then the point (a,b) is a | then the point (a,b) isa

local maximum. local minimum.
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Example 3
Find the stationary point of the function y = 2% — 2z + 3 and hence
determine the nature of this point.

Solution d d?
If y =2 —2x+3 then YW_op 2 and LYo
J dx dx?
Now d—y = 2r — 2 = 0 when « = 1. The function has only one
x
d%y

stationary point when z = 1 (and y = 2). Since — = 2 > 0 for

all values of z, this stationary point is a local minimum. Thus the
function y = x? — 2z + 3 has a local minimum at the point (1,2).

Y

y=z>—-22+3

The graph shows the func-
tion y = 2% — 22 + 3 with
the local minimum point
at (1,2) clearly visible.

1
Diagram 3
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EXERCISE 3. Determine the nature of the stationary points of the
following functions. (Click on the green letters for solutions.)

(a) y =16 — 6u — u?, (b) y =322 —4x + 7,

Quiz Which of the following points is a local maximum of the function
y = 223 — 1522 — 36z + 6?
(a> (737 15)7 (b> (*6a25)’ (C) (72725)7 (d) (*1a25)'

Example 4
Find the stationary points of the function y = 22% — 922 4+ 122 — 3
and determine their nature.

Solution .
y = 2239224+ 122 -3
d
then & _ 622 — 18z + 12
dx
d2
and o~ 122 - 18.

dz?
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The stationary points are found by solving

d
Y 6?18z +12=0.
dx

Now 622 — 187 + 12 = 6(2% — 32 + 2) so the solution is found by
solving 22 —3x +2 = 0, i.e. 2 = 1 and = 2. (See the package on
quadratics.) Note that when x = 1, y = 2 and when x =2, y = 1.

d2
When z =1, d—g =12(1)—18 = —6 < 0, s0 (1, 2) is a local maximum.
x
d?y . .
When z = 2, Tz = 12(2)—18 = 46 > 0, so (2,1) is a local minimum.
x
The graph shows the func- y =2 — 922 +122 -3

tion y = 223 —92%24+122—-3
with the local mazimum
point at (1,2) and the local
minimum point at (2,1)
clearly visible.

1
Diagram 4
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EXERCISE 4. Determine the nature of the stationary points of the
following functions. (Click on the green letters for solutions.)

1 1
(a)y=§$3—f2—3x+2, (b)y:§SQ—125—|—32,

(¢) y=a2%—622 — 152 + 16, (d)y=2®— 12z + 12.

1

Quiz Referring to the function y = z + 1 4+ —, which of the following
x

statements is true?

(a) (1,3) is a local mazimum, (b) (1,-3) is a local minimum,

(¢) (=1,1) is a local minimum,  (d) (=1,—1) is a local mazimum.

22
Quiz Referring to the function y = 5 oSz, which of the following
statements is true?

(a) (5, %2) is a local minimum,  (b) (5, %2) is a local maximum,

(¢) (0,—1) is a local minimum,  (d) (0,—1) is a local mazimum.
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4. Quiz on Max and Min
Begin Quiz In each of the following cases, choose the correct option.

1. If y = 322 + 62 + 2 then
(a) (1,11) is a local minimum, (b) (—1,—1) is a local minimum,

(¢) (1,11) is a local mazimum, (d) (—1,—1) is a local mazimum.

x3 2P
2. The function y = 3 + o 2z + 4 has a
(a) local minimum when x = 2, (b) local mazximum when x = —2,
(¢) local mazimum when x = 1, (d) local minimum when z = —1.

3. The function y = sinz + cosx has a
(a) local mazimum when x = Z,(b) local minimum when x =

40
(c) local mazimum when x = 7,(d) local minimum when z =

)

NERESE

End Quiz



Solutions to Exercises 16

Solutions to Exercises
Exercise 1(a) If y = f(u) = 16 — 6u — u?, then its derivative is

dy
— =—6—2u.
du
The stationary points are found by solving the linear equation
—6—2u=0.
In this case there is only one solution u = —g = —3. Substituting

this into the expression for the function f(u) = 16 — 6u — u?, we find
the corresponding y value

y=16—6x (—3) — (=3)> =16+ 18 — 9 =25.

The stationary point is thus the point with coordinates (—3,25).
Click on the green square to return
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Exercise 1(b) If y = f(z) = 32% — 4z + 7, then its derivative is

dy
—= =6x—4.
dx *
The stationary points are found by solving the linear equation
6r—4=0.

In this case there is only one solution x = % = 2. Substituting this
into the expression for the function f(z) = 322 — 42 + 7, we find the

corresponding y value

2\ 2 2 4 8 17
Y 3><(3> ><3+7 3 3+7 3

w

Therefore the function y = 322 — 42 4 7 has only one stationary point
2 17

(3,5 )-

Click on the green square to return

O
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d
Exercise 1(c) If y = f(x) = %x3—x2—3x+2, then d—y =2?-22-3.

X
The stationary points are found by solving the quadratic equation
22 — 22 — 3 = 0. Factorisation of this equation gives

0=a2>-22-3=(x+1)(z—3).

yielding two solutions, * = —1 and x = 3. Substituting x = —1 into
the function f(z), the corresponding y value is

1 - 1 11

= (-1} = (-1)2=3(-1)+2=—- —14+3+2=—.
y=3(-1° = (1P =3(-1)+2= 2 —1+3+2=—
Similarly substituting x = 3
1, ..
y = g(3)3—(3)2—3(3)+2:9—9—9+2: ~7.

The two stationary point are thus (—1, 13—1) and (3,—7).
Click on the green square to return
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Exercise 1(d) If y = f(z) = 2® — 62% — 152 + 16, then

dy

i
The stationary points are found by solving the quadratic equation
3x2 — 12z — 15 = 0. Factorising it

0 =32 - 122 — 15 = 3(z* — 4z — 5) = 3(x + 1)(z — 5)

322 — 122 — 15.

we obtain two solutions, x = —1 and x = 5. Substituting z = —1 into
the function f(x), the corresponding y value is

y= (12 -6x(-1)2=15x (=1) +16 = —1 -6+ 15+ 16 = 24.
Similarly substituting z =5
y=(5)%—6x(5)%—15x(5)+16 =125-6x25—-15x5+16 = —84.

Two stationary point are thus (—1,24) and (5, —84).
Click on the green square to return
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Exercise 2(a) If y = 23 + ¢?* then the first derivative is given by

d :
e =3 x 2071 42 x e = 322 + 2027
dx
The second derivative is given by
d? d (d " .
@‘Z = (dz) =2 % 327D 42 x 2e¥ = 61 + 4e** .
The third derivative is given by
d3y d (d?y 9
— =— == ) =6+8e".
dz3  dx (dm2 +oe

Click on the green square to return
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Exercise 2(b) If y = sin(x) then the first derivative is given by
& cos(x).

dx
The second derivative is given by

Py _d ()
dz?  dx \dz) SURZL) -

The third derivative is given by
d3y d [(dy
) = cos(x) .

Click on the green square to return

dr3  dx
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Exercise 3(a) If y = 16 — 6u — u? then

2
%:—G—QU and %:—2.
There is one stationary point when v = —3 which is obtained from
the equation p
Y
i —6—2u=0.
. . 2 . d*y

At this point y = 16 — 6 x (—=3) — (—3)" = 25. Since Tz = -2<0

u
for all values of x, this stationary point is a local mazimum. Thus the
function y = 16 — 6u — u? has a local mazimum at the point (-3, 25).

Click on the green square to return

O
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Exercise 3(b) If y = 32% — 4z + 7 then

dy d%y
% =6x—4 and @ =6.
2
There is one stationary point x = 3 which is the solution to the
equation
dy
— =6r—4=0.
dx .
. 2\° 2 e d%y
At this point y = 3 x <3) —4 X <3>+7—3. Slnce@:6>0

for all values of z, this stationary point is a local minimum. Thus the

function y = 32% — 4z + 7 has a local minimum at the point (2, 1T)

Click on the green square to return
|
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1
Exercise 4(a) If y = f(x) = gx?’ — 2% — 32 + 2 then

dy 2 %y
— =z"—-2x—-3 d — =2x-2.
piald x and -3 x
There are two stationary points at x = —1 and x = 3 which are the
two solutions to the quadratic equation
d
£:x2—2x—3:(9€+1)(w—3):0.
When x = -1,y = 1—31 and its second derivative has the value
d2
d—;i =2x(-1)=2= -4 <0. The point (-1, 1) is a local mazimum.

At the second point z = 3 and y = —7. The second derivative has
2

d
the value d—z =2x(3)—2=4>0 and the point (3,—7) is a local
x

minimum.

Click on the green square to return
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1
Exercise 4(b) If y = f(s) = 552 — 125 4 32 then

dy 2 d?y
— =-5—-12 d —=-.
ds _ 3° Mme Iz T3
There is only one stationary point, when s = 18, which is obtained
from the equation

[\

dy 2 2
Y Zy 12=2(s—18)=0.
7 = 3% 3(3 8)=0
When s = 18 the function f(s) takes the value y = —76. Since its

2

d 2
second derivative —g = — is positive for all values of s, the stationary

point (18, —76) is a local minimum.

Click on the green square to return
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Exercise 4(c) If y = f(z) = 2° — 62? — 152 + 16 then

d d?
d—z:3x2—12x—15 and dTZ — 62— 12.
There are two stationary points z = —1 and = 5 which are obtained
from solving the quadratic equation
d
d—y =322 - 120 —15=3(a2 — 4z —5) =3(z + 1)(z — 5) = 0.
x
When x = —1 the function value is y = 24 and its second derivative
d2
is d—g = 6x (—1)— 12 = —18 < 0. The point (—1,24) is a local
i
maximum.

At the second point, = 5, the function value is y = —84 and the
2

d
second derivative is d—g =6x(5)—12=18 > 0. The point (5, —84)
x
is a local minimum.

Click on the green square to return O
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Exercise 4(d) If y = f(z) = 2® — 122 + 12 then

d?y

dy 2
%:31' —12 and @:ng.
There are two stationary points ¢ = —2 and « = 2 which are obtained
from the equation
d
d—y =322 —12=3(2%—4) =3z +2)(z — 2) = 0.
x
At the point x = —2 the function value is y = 28 and its second
d2
derivative is d—z =6 x (=2) = —12 < 0. The point (—2,28) is
i
therefore a local mazimum.
At the second point = = 2 the function value is y = —4 and the second
d2
derivative is d—g = 6x (2) =12 > 0. The point (2, —4) is a local
x
minImMum.

Click on the green square to return
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Solutions to Quizzes
Solution to Quiz: If y = f(z) = 22° — 1522 — 362 + 6 then

d d?
ﬁ — 622 — 30z — 36 and d—;;:12x—30.
There are two stationary points z = —1 and = 6 which are obtained

from solving the equation

d
O:d—y = 62% — 30z — 36 = 6(2 — 52 — 6) = 6(z + 1)(z — 6).
X
At the point x = —1 the function value is y = 25 and its second
d2
derivative is chZ =12 x (—1) — 30 = —42 < 0. Therefore the point

(—1,25) is a local mazimum.

For the second stationary point, at © = 6, the second derivative is

d2

d—g =12 x (6) —30 =42 > 0 and y = —318. The point (6, —318) is
x

therefore a local minimum. End Quiz
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1
Solution to Quiz: If y=2+1+ - =2+ 1+ 2! then
x

dy _9 1 d2y _3 2
%:1—$ :1_ﬁ and —de:—(—Q)m =5
The stationary points are found from the equation
d 1 1— a2
7y - ]- - 5 = * = 07
dx x? x2

and this is zero when 1 — 22 = 0. There are two solutions in this case,
r=-1landzx=1.

When x = —1 the function value is y = —1 and its second derivative
d? 2
S de = e = —2 < 0. The point (—1,—1) is a local mazimum.

When x = 1 the function value is y = 3 and the second derivative is
d? 2
ﬁ = ap =2> 0. The point (1, 3) is a local minimum.

End Quiz
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2
Solution to Quiz: If y = % — cos(x) then

dy : %y
ik +sin(z) and i 1+ cos(z) .
The stationary points are found from the equation
dy
— = i =0.
i + sin(x)

Since sin(0) = 0, a solution to this equation is x = 0. At this point
the function value is

y=0—cos(0)=0—-1=-1.

Its second derivative when z = 0 is
d?y

dx?

The point (0, —1) is therefore a local minimum of the function
2

y = % — cos(z) . End Quiz

=1+4cos(0)=1+1=2>0.
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